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Abstract
Let R(G) be the character ring of a finite group G. For any subring S of the complex field, let π be the
set of such rational primes whose inverse do not lie in S, and consider the prime spectrum of the coefficient
extended character ring S ⊗ R(G). By means of a generalized version of Brauer’s induction theorem, we
show that the number of the connected components of the prime spectrum of S ⊗ R(G) equals the number
of the π -regular conjugacy classes of G.
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1. Introduction
1.1. Let G be a finite group with order g. Let Irr(G) be the set of the complex irreducible
characters of G, and R(G) =⊕χ∈Irr(G) Zχ be the character ring of G, where Z denotes the
rational integer ring. Assume that ω is a primitive gth root of unity, and S = Z[ω] be the subring
of the complex field generated by ω over Z. Extending the coefficient of R(G) from Z to S, we
get a commutative ring S ⊗Z R(G) with the usual function addition and the usual function mul-
tiplication. In [7] Serre showed that the prime spectrum Spec(S ⊗Z R(G)) of the commutative
ring S ⊗Z R(G) is connected. We are interested in what about the spectrum Spec(S ⊗Z R(G))
if S is any subring of the complex field.
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root ω of unity. In [3] we got the exact number of the connected components of Spec(S⊗Z R(G))
for some special kinds of finite groups. In this paper, we show a general result on the number of
the connected components of the spectrum of the ring. Let π be the set of rational primes defined
as follows:
π = {p ∣∣ p is a rational prime such that p−1 /∈ S}; (1.2.1)
and let π ′ denote the set of the rational primes which are not in π . A rational integer n is said to
be π -regular number, or π ′-number, if any rational prime divisor of n belongs to π ′; otherwise,
n is said to be π -singular. Obviously, n = nπnπ ′ with nπ being a π -number and nπ ′ being a
π ′-number, called the π -part and the π ′-part of n respectively. An element x ∈ G is said to be
π -regular element, or π ′-element, if the order of x is π -regular. And a conjugacy class C of G
is said to be π -regular if the elements in C are π -regular. We always take the identity element of
the group G as the unique element in G which is both a π -element and a π ′-element.
Now, we can state our main result which is not noticed by others before, as we know.
1.3. Theorem. Let notation be as in 1.2. The number of the connected components of the prime
spectrum Spec(S ⊗Z R(G)) is equal to the number of the π -regular conjugacy classes of G.
1.4. One of the key steps of our proof of this result is to compute the idempotents of the ring
S ⊗Z R(G) by means of an S-coefficient version of the Brauer’s induction theorem, which we
state in the next section. A proof of the theorem is shown in Section 3. From the proof, once
we got the idempotent corresponding to any connected component, we saw a straightforward
consequence: “the number of the π -elements of G is divided by the π -part gπ of the order g.”
This is in fact a special case of a well-known theorem of Frobenius:
Frobenius Theorem. If n divides the order g of the finite group G, then the number of x ∈ G
such that xn = 1 is a multiple of n.
A proof of this theorem in terms of a Ψ -operator can be found in [7, Subsection 11.2]. By the
way, we point out that recently [5] gave a nice and elementary proof of this theorem. Based on
the above observation and our method of the proof of Theorem 1.3, we describe another proof of
the Frobenius theorem as a concluding remark in Section 3.
2. A generalization of Brauer Induction Theorem
2.1. Let G be a finite group as before. For a prime p, we say that a subgroup H of G is
a p-elementary subgroup if H is a direct product of a p-subgroup P and a cyclic p′-subgroup
of G; further, if P is a Sylow-p subgroup of the centralizer CG(x) of a p′-element x of G, then
we say that 〈x〉×P is the p-elementary subgroup associated with the p′-element x; furthermore,
we call a subgroup H of G an elementary subgroup of G if H is a p-elementary subgroup for
at least one prime p. We denote W(p) the family of all the p-elementary subgroups of G. And,
if the set π of prime numbers is non-empty, we denote W(π) the union of W(p) where p runs
over the primes in π ; if the set π is empty, we let W(π) be the family of all the cyclic subgroups
in G.
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tion map
Ind :
⊕
H∈H
R(H) → R(G)
is an epimorphic Z-linear map, where H is the family of all the elementary subgroups in G, see
[7, Theorem 19]. Let S be any subring of the complex field. Then the extended induction map
Ind :
⊕
H∈H
S ⊗ R(H) → S ⊗R(G)
is of course an epimorphic S-linear map. Now let
π = {p ∣∣ p is a rational prime such that p−1 /∈ S}. (2.2.1)
We have the following induction theorem of S-version.
2.3. Theorem. The following induction map is an epimorphic S-linear map:
Ind :
⊕
H∈W(π)
S ⊗Z R(H) → S ⊗Z R(G). (2.3.1)
2.4. Remark. If π = ∅, e.g. S ⊇ Q, then the above is just the well-known Artin’s induction
theorem. On the other hand, if π covers all rational prime divisor of the order g of G, e.g.
S = Z[ω], then the above is just the well-known Brauer Induction Theorem.
2.5. A Proof of Theorem 2.3. Just following the ideas of the proof of Brauer Induction Theorem
in [7, Chapter 10], we show a proof of Theorem 2.3. First of all, it is an easy fact that the image
of the map (2.3.1) is an ideal of S ⊗Z R(G), thus it is enough to show that the image contains an
invertible element (unit) of the codomain ring. Let g be the order of the finite group G, for any
p ∈ π , write g = pnp · lp with lp is prime to p; by [7, Theorem 18′, Chapter 10], the constant
function lp belongs to the image of the following induction map
Ind :
⊕
H∈W(p)
R(H) → R(G). (2.5.1)
Thus, the image of the map (2.3.1) contains all the constant functions lp for all p ∈ π and p | g.
Write the order g = gπgπ ′ , where gπ is the π -part of the integer g while gπ ′ is the π ′-part of the
integer g. Then the greatest common divisor of the lp with p ∈ π and p | g is gπ ′ , that is, there
are rational integers mp for p ∈ π and p | g such that∑
p∈π and p|g
mplp = gπ ′ . (2.5.2)
By the definition of π in (2.2.1), as an integer gπ ′ is an invertible element in S; so, as a constant
function, gπ ′ is an invertible element in S ⊗Z R(G). Since W(π) =⋃p∈π W(p), the left sum
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element gπ ′ .
2.6. Corollary. Notation is as above. A complex class function f on G belongs to S ⊗Z R(G) if
and only if the restriction function f |H of f to H belongs to S ⊗Z R(H) for any H ∈ W(π).
Proof. It follows the usual relationship between characterizations of characters and induction
theorems, so the proof is left to the readers.
2.7. For any H ∈ W(π), note that the restriction function f |H is a linear combination:
f |H =
∑
ψ∈Irr(H)
〈f |H ,ψ〉H ·ψ,
with the inner products 〈f |H ,ψ〉H on H as coefficients; but H is p-elementary, and for each ψ
there is a subgroup H ′ H and a linear character λ of H ′ such that ψ = IndH
H ′(λ), and
〈f |H ,ψ〉H = 〈f |H ′ , λ〉H ′ .
Thus Corollary 2.6 can be restated as:
(2.7.1) f ∈ S ⊗Z R(G) if and only if the inner product 〈f |H ,λ〉H ∈ S for any H ∈ W(π) and
any linear character λ of H .
3. Proof of Theorem 1.3
3.1. Let R be any commutative ring with unity element 1. Recall that the prime spectrum
Spec(R) of R is the topological space over the family of all the prime ideals of R with the
Zarisky topology, i.e. with the closed sets defined as follows:
V (I) = {P | P is a prime ideal of R and P ⊇ I }
where I runs over the set of the ideals of R. For any idempotent e of R, the set
Xe =
{
P
∣∣ P ∈ Spec(R), e /∈ P }
is a both open and closed subspace of Spec(R); so the following is an easy fact:
(3.1.1) Xe is a connected component of Spec(R) if and only if Xe is connected.
Assume that e and f are two idempotents. Xe ∩Xf = Xef , hence Xe ∩Xf = ∅ if and only if
ef = 0, i.e. if and only if e and f are orthogonal. Further assume that ef = 0, then e + f is an
idempotent too, and Xe ∪ Xf = Xe+f . Hence we have the following facts:
(3.1.2) Assume that 1 = e1 + · · · + en is a decomposition of orthogonal idempotents, then
Xe1, . . . ,Xen are all the connected components of Spec(R) if and only if all ei for
i = 1, . . . , n are primitive idempotents, if and only if all Xei for i = 1, . . . , n are con-
nected.
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3.2. Return to the notation of Theorem 1.3. First we reduce our proof to the case that S is
subring generated over S ∩ Q by finitely many algebraic integers, where Q is the rational field.
For any conjugacy class C of G, in C ⊗Z R(G) where C is the complex field, we have the
characteristic function fC of C
fC(x) =
{1, if x ∈ C,
0, otherwise,
∀x ∈ G,
which can be written as
fC =
∑
χ∈Irr(G)
〈fC,χ〉χ
where the coefficient is the inner product
〈fC,χ〉 = |C|χ(c)/g, with c ∈ C,
which belongs to Q[ω]. When C runs over the set of the conjugacy classes of G, the fC runs
over the set of the primitive idempotents of C ⊗Z R(G). Any idempotent of S ⊗Z R(G) is a sum
of some fC ’s, hence is a linear combination of χ ∈ Irr(G) with coefficients in Q[ω]. Thus, to
prove Theorem 1.3, by (3.1.2) we can assume that S ⊆ Q[ω].
3.3. By cl(G) we denote the set of the conjugacy classes of G; and by cl′(G) we denote the
set of the π -regular conjugacy classes of G. For each C ∈ cl(G) and x ∈ C, we have a unique
expression x = xπxπ ′ with xπ and xπ ′ being π -element and π ′-element respectively, which are
commutative each other; we call xπ and xπ ′ the π -part and the π ′-part of x respectively. By
the uniqueness of the expressions, the π ′-parts of the elements of C form exactly a π -regular
conjugacy class C′ of G, called the associated π -regular conjugacy class of C.
Next, every π -regular class C′ ∈ cl′(G) determines a subset
[C′] = {C ∣∣ C ∈ cl(G) and C′ is the associated π-regular class of C}⊆ cl(G)
and denote
C˜′ =
⋃
C∈[C′]
C, (3.3.1)
which is called the π ′-section of the π -regular class C′, or the C′-section for short. Then we have
the following disjoint union
G =
⋃
C′∈cl′(G)
C˜′. (3.3.2)
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of C˜′, i.e.
fC˜′(x) =
{
1, if x ∈ C˜′,
0, otherwise,
∀x ∈ G.
Then fC˜′ ∈ S ⊗Z R(G).
Proof. By Corollary 2.6, it is enough to show that, for every H ∈ W(π), the restriction function
(fC˜′)|H ∈ S ⊗Z R(H). Recalling the definition of W(π) in 2.1, we can assume that H is a p-
elementary subgroup for a p ∈ π , i.e. H is a direct product of a p-group and a cyclic p′-group;
in particular,
H = Hπ ′ × Hπ, (3.4.1)
where Hπ ′ is a π ′-cyclic group and Hπ is a π -group, and
S ⊗Z R(H) =
(
S ⊗Z R(Hπ ′)
)⊗S (S ⊗Z R(Hπ)). (3.4.2)
For any y ∈ H , we have the expression y = yπ ′yπ where yπ ′ and yπ are the π ′-part and the
π -part of y respectively; by (3.4.1), we have yπ ′ ∈ Hπ ′ and yπ ∈ Hπ ; so y ∈ C˜′ ∩ H if and only
if yπ ′ ∈ C′ ∩ Hπ ′ , and
fC˜′(y) =
{
1, if yπ ′ ∈ C′ ∩ Hπ ′ ,
0, otherwise,
∀y ∈ H.
It is clear that C′ ∩ Hπ ′ is a union of some conjugacy classes of Hπ ′ , let hC′∩Hπ ′ be the class
function of Hπ ′ which is the characteristic function of C′ ∩ Hπ ′ . Then, according to (3.4.2), as
class functions of H we have
(fC˜′)|H = hC′∩Hπ ′ ⊗ 1Hπ ,
where 1Hπ denotes the unity function (i.e. the unit character) of Hπ . Now
hC′∩Hπ ′ =
∑
ψ∈Irr(Hπ ′ )
〈hC′∩Hπ ′ ,ψ〉 ·ψ
where 〈hC′∩Hπ ′ ,ψ〉 denotes the inner product over Hπ ′ (for any complex c, by c∗ we denote the
complex conjugation of c):
〈hC′∩Hπ ′ ,ψ〉 =
1
|Hπ ′ |
∑
y∈Hπ ′
hC′∩Hπ ′ (y)
∗ψ(y)
= 1|Hπ ′ |
∑
y∈C′∩H ′
ψ(y) ∈ S,π
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hand, it is trivial that 1Hπ ∈ S ⊗Z R(Hπ). So, by (3.4.2), the restriction function (fC˜′)|H ∈
S ⊗Z R(H). We are done for the proof of the lemma.
3.5. Assume that the cardinal |cl′(G)| = m and cl′(G) = {C′1, . . . ,C′m } are all the π -regular
conjugacy classes of G; and denote the characteristic functions defined in 3.4 as follows:
fi = fC˜′i , i = 1, . . . ,m.
Then it is clear that fi , i = 1, . . . ,m, are orthogonal idempotents of S ⊗Z R(G) and 1 = f1 +
· · · + fm. For every fi , by 3.1, we have the open and closed subspace Xfi of Spec(S ⊗Z R(G)).
To complete the proof of Theorem 1.3, by (3.1.2), it is enough to show that every Xfi for i =
1, . . . ,m is connected.
3.6. To treat Xfi , first we recall a description of the members of Spec(S ⊗Z R(G)), which
has been done in [7, §11.4]. The commutative ring Scl(G) of the S-valued class functions of G
has finite S-rank, hence Scl(G) is an integral extension of S; consequently, Scl(G) is an integral
extension of S ⊗Z R(G). Thus we have a natural epimorphism
Spec
(
Scl(G)
)→ Spec(S ⊗Z R(G)) :P → P ∩ (S ⊗Z R(G)).
It is easy to see that
Spec
(
Scl(G)
)= {PC ∣∣ P ∈ Spec(S), C ∈ cl(G)}
where
PC =
{
f ∈ Scl(G) ∣∣ f (x) ∈ P for x ∈ C}.
So
Spec
(
S ⊗Z R(G)
)= {IP,C ∣∣ P ∈ Spec(S), C ∈ cl(G)}, (3.6.1)
where
IP,C = PC ∩
(
S ⊗Z R(G)
)= {f ∈ S ⊗Z R(G) ∣∣ f (x) ∈ P for x ∈ C}.
Therefore, by definition of Xfi in 3.1, we have that IP,C ∈ Xfi if and only if fi /∈ IP,C , if and
only if fi(x) /∈ P for x ∈ C; since
fi(x) =
{
1, if x ∈ C˜′i ,
0, otherwise,
so IP,C ∈ Xfi if and only if C ⊂ C˜′i ; i.e.
Xfi =
{
IP,C ∈ Spec
(
S ⊗Z R(G)
) ∣∣ C ⊂ C˜′i}. (3.6.2)
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DC =
{
IP,C
∣∣ P ∈ Spec(S)},
which is regarded as a subspace of Spec(S ⊗Z R(G)); and it is easy to check that
τC : Spec(S) →DC, P → IP,C,
is a homeomorphism. Since S is a domain, hence Spec(S) is a connected topological space.
Thus, DC is a connected subspace of Spec(S ⊗Z R(G)).
3.8. Return to the C′i -section C˜′i =
⋃
C∈[C′i ] C, where [C′i] is the set of all the conjugacy
classes which are associated with the π -regular class C′i , see 3.3. So, Xfi consists of all the
connected subspaces DC with C ∈ [C′i]. In particular, DC′i ⊆ Xfi . In order to prove that Xfi is
connected, it is enough to show that DC for any C ∈ [C′i] is connected with DC′i . This will be
done with the following lemma.
3.9. Lemma. Let C ∈ cl(G), and x ∈ C. Let p ∈ π , let xp′ be the p′-part of x, and Cp′ be the
conjugacy class containing xp′ . Take a maximal ideal P of S containing the rational prime p.
Then for any f ∈ S ⊗Z R(G) we have
f (x) ≡ f (xp′) (mod P).
In particular, IP,C = IP,Cp′ .
Proof. Following [7, §10.3], we show a proof. It is easy to see that S/P is an algebraic extension
field of Z/pZ. Meanwhile, we can restrict f to the cyclic subgroup 〈x〉 and set f =∑i aiϕi with
ai ∈ S and ϕi runs over the set of the complex irreducible characters of 〈x〉.
We choose a positive integer m fulfilling xpm = (xp′)pm . Setting q = pm and noting that each
ϕi is a homomorphism from 〈x〉 to the multiplicative group of S, for the characteristic of the field
S/P is p, we can choose m as large as enough such that the following computation modulo P
holds:
f (x) ≡ f (x)q =
(∑
i
aiϕi(x)
)q
≡
∑
i
a
q
i ϕi(x)
q
=
∑
i
a
q
i ϕi
(
xq
)=∑
i
a
q
i ϕi
((
x′p
)q)
=
∑
i
a
q
i ϕi(xp′)
q ≡
(∑
i
aiϕi(xp′)
)q
= f (xp′)q ≡ f (xp′) (mod P).
In particular, f ∈ IP,C if and only if f (x) ≡ 0 (mod P), if and only if f (xp′) ≡ 0 (mod P), if
and only if f ∈ IP,Cp′ .
We are done for the lemma.
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with p1, . . . , pd being different rational primes and at > 0 for t = 1, . . . , d . Then p1, . . . , pd ∈ π ,
and we have the expression
x = x1x2 · · ·xdxπ ′ ,
where xπ ′ is the π ′-part of x, and xt , for each t = 1, . . . , d , is the pt -part of x. For t = 1, . . . , d ,
let Ct be the conjugacy class of G which contains xt · · ·xrxπ ′ . We have a sequence of conjugacy
classes
C = C1,C2, . . . ,Cd,Cd+1 = C′i;
which are all contained in [C′i]. For each pair Ct , Ct+1, where t = 1, . . . , d , consider the rational
prime pt ∈ π and take a maximal ideal Pt of S containing pt . Since xtxt+1 · · ·xdxπ ′ ∈ Ct and
xt+1 · · ·xdxπ ′ ∈ Ct+1, in notation of Lemma 3.9, we have (Ct )p′t = Ct+1 and
IPt ,Ct = IPt ,Ct+1 ∈DCt ∩DCt+1 ,
which means that DCt is connected with DCt+1 . That is, DC =DC1 is connected with DC2 , DC2
is connected withDC3 , and so on, untilDCd is connected withDCd+1 =DC′i . So,DC is connected
with DC′i .
As we said in 3.8, this completes the proof of Theorem 1.3.
As an application of our main theorem, we shall give a new proof to the Frobenius theorem
mentioned in 1.4.
3.11. Remark. Let g = |G| and n | g, and Ω = {x ∈ G | xn = 1}. Let π be the set of the prime
divisors of n, and take a subring S of the complex field such that the set of primes defined in
(1.2.1) is just this π defined by n. Set n¯ be the integer such that nn¯ = gπ .
Let fΩ be the characteristic function of Ω . Consider the function n¯fΩ ; if we can show that
n¯fΩ ∈ S ⊗Z R(G), then the coefficient of n¯fΩ of the unit character 1 lies in S, i.e.,
〈
n¯(fΩ),1
〉= 1
g
∑
x∈G
n¯fΩ(x) = 1
gπ ′
|Ω|
n
∈ S,
thus n divides |Ω| and then Frobenius theorem is proved. By (2.7.1), it is enough to show that for
any H ∈ W(π) and any linear character λ of H we have 〈n¯(fΩ)|H ,λ〉H ∈ S. Clearly, (fΩ)|H =
fΩ∩H is the characteristic function of Ω ∩ H on H . Let h = |H |, d = gcd(n,h), and hπ = dd¯ .
Then Ω ∩ H = {y ∈ H | yd = 1}; and it is easy to show that d¯ | n¯. And
〈
n¯(fΩ)|H ,λ
〉
H
= n¯
hπhπ ′
∑
y∈H
fΩ(y)
∗λ(y) = n¯
d¯
1
hπ ′
· 1
d
∑
y∈Ω∩H
λ(y).
So it is enough to show that:
(3.11.1) If H is a p-elementary group and λ is a linear character of H , then for any d | |H | we
have
∑
yd=1 λ(y) ∈ dS.
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(3.11.1) holds for cyclic groups. Thus it is reduced to prove (3.11.1) for any p-group H ; which
has been done in [7, Chapter 11, Lemma 10].
3.12. Remark. Here, we construct the primitive idempotents fi ’s in S ⊗Z R(G), which are
very similar to the so-called φ-functions in [6]; our class functions fi ’s are very similar to the
π -version of the φ-functions. In [2], the authors also use the characteristic class function of one
p-regular class of a finite G in some extended ring of the Brauer character ring. In our further
work, following [6], we can consider the further properties of the fi ’s just like Reynolds consid-
ered the properties of the φ-functions; following [2], and we can also think of the same questions
to the Brauer character ring as we do in this paper.
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